Some researchers obtained the phonon dispersion relation of carbon nanotube by considering harmonic oscillation of carbon atoms. Recently, we could find an alternative method for determining carbon nanotube band energy by modifying orthogonalized-plane-wave method and combining it with tight binding method. Here, we did some calculations based on these methods and solved the dynamical matrix of carbon nanotube by referring the above methods and using force constant model. Some necessary adjustments are made in order to take into account the effect of the second nearest neighbor atoms which are not harmonic vibrations.
Introduction
Carbon nanotubes (CNTs) become an important technology because of their outstanding performance in wide engineering applications. It has been called the wonder material of the 21st century, the building blocks for the future of electronics and the replacement for silicon circuits [1, 2] . These materials have been hailed for their material properties and the applications that these properties promise. Their high electrical and thermal conductivity, remarkable strength, elasticity and anisotropic shape suggest numerous possibilities of nanoscale biological probes and structural elements in many electronic devices [3] [4] [5] .
A CNT, simply, is the honeycomb lattice of a graphene sheet rolled into a cylinder. Graphene is also the name commonly associated with a single layer of graphite in two dimensions. The graphene sheet lattice structure is not a Bravais lattice by itself, but can be regarded as an underlying square Bravais lattice with a two-atom basis.
There are typical covalent bonds between a carbon atom in a graphene and its neighboring atoms, namely, each carbon atom has three neighboring atoms to which it is connected.
The rule explored in the present work is based on vibration of the nearest neighbor atoms which would yield a coverage final state of deformation under given loads or displacements at specific sites. In fact, as we show in our other paper [6] , the idea is based on orthogonalized--plane-wave and tight binding methods which are placed in the force constant model. We could thus modify the phonon dispersion relation and show that the second nearest neighboring atoms vibrate with the different amplitude, direction and phase from those for the first nearest neighboring atoms.
Calculations and discussion
As mentioned previously, graphene is a two--dimensional sheet consisting of connected carbon atoms * corresponding author; e-mail: a.bahari@umz.ac.ir in hexagons like the benzene molecule. The basis of a graphene sheet consists of two atoms named "a" and "b", see Fig. 1 . When considering only nearest neighbor interaction between e.g. the "a" atom and the nearest neighbors, which are three "b" atoms, the angle between each "b" atom is equally spaced with 120
• . When folding the graphene sheet into a single walled carbon nanotube (SWCNT) it is possible to use the concepts and calculations from graphene sheets [5] . Indeed, the calculations are performed on graphene sheets, which is a good approximation if the radius of the CNT is much greater than the distance between two neighboring nuclei of the carbon atoms in the CNT. As we know from the literature like [3, 6, 7] , the diameter of most CNTs is between 0.7 nm and 2 nm, whereas the distance between the nuclei of the atoms is 1.42Å.
Therefore, the force constant-phonon dispersion calculations in graphene are valid on CNTs as well, where the nearest neighbor interaction among pure π orbitals of the carbon atoms in the graphene sheet is dominating with respect to σ orbitals.
For this purpose, we pick out one particular atom to study and consider all of the other nearest neighbor's atoms on this atom. This arbitrary carbon atom of graphene can vibrate (move) freely while its nearest neighbor atoms are located at their positions without any displacement and movement. In this case, we assume that the tube cut open along the direction of its axis and the atoms lay out as a planner sheet. This yielded a 2D automat grid with only x-y coordinates required to define the system state. Let us keep in mind that the most stable location of our arbitrary atom can be found by minimizing the total bonding energy.
Although there are both bonding and antibonding potentials in the graphene sheet [5] , we neglect antibonding potential in the present work. Bonding potential includes harmonic and More's potentials [8, 9] 
, where the force corresponding to the above potentials can be determined by
Here we concentrate on the "velocity Verlet" algorithm, which may be written [10, 11] as
After step (4b), a force evaluation is carried out, to give f i (t + δt) for step (4c). This scheme advances the coordinates and moments over a time step δt. Figure 2 shows the displacement of arbitrary atom which is plotted based on "velocity Verlet" algorithm. It represents harmonic vibrations with the same amplitude, direction and phase, where only arbitrary atom is allowed to move and vibrate.
If we consider the effect of just first nearest neighbor atoms on our arbitary atom, the behaviour of atom is completely different from that second nearest neighbor atoms and so on, as shown in Fig. 3 . By comparing Figs. 2 and 3 , we can see different behavior of carbon atoms due to vibrations of nearest neighbor atoms. Figure 2 confirms the harmonic vibrations of atom and the phonon dispersion relation can thus be determined by getting the slope of phonon dispersion curvature. However, the first nearest neighbor atom's vibrations cause inharmonic vibrations of atoms which was not reported before. Figure 3 shows three peaks with different amplitudes which iterated by passing vibration's time give the simple approximation for this behavior This function is shown in Fig. 4 . In order to determine phonon dispersion relation we consider the sum of the forces on the i-th atom, F i , for N atoms in the unit cell as follows:
where u i (R i ) and R i = (x i , y i , z i ) are the displacement and position of the i-th atom, respectively. The sum over j is taken up to the nearest neighbor of the i-th atom and K ij is a 3 × 3 force constant matrix between the i-th and the j-th atom. The equation of motion is (10) where I is a 3 × 3 unit matrix and ∆R ij = R i − R j is the relative coordinate of the i-th atom with respect to the j-th atom. The vibration of the i-th atom is coupled to that of the j-th atom through the K ij force constant matrix. We note that j in Eq. (10) 
The dynamical matrix D for two-dimensional graphite is written in terms of the 3 × 3 matrices D aa , D ab , D ba and D bb for the "a" and "b" atoms within the unit cell as shown in Fig. 1 
When we consider an "a" atom, the three nearest--neighbor atoms (see Fig. 1 ) are "b 1 ", "b 2 " and "b 3 " whose contributions to D are contained in D ab , while the six next-nearest-neighbor atoms are all "a" atoms, with contributions to D that are contained in D aa and so on. To obtain K ij , we consider the force constant between an "a" atom and a nearest-neighbor "b 1 " atom on the x axis as shown in Fig. 5 . The force constant tensor is given by
where ϕ n r , ϕ n ti , and ϕ n to represent the force constant parameters in the radial (bond-stretching), in-plane and out-of-plane tangential (bond-bending) direction of the n-th nearest neighbors, respectively.
The force constant matrices for the two other atoms are obtained by rotating the matrix in Eq. (15) according to the rules for a second-rank tensor
where U is the rotation matrix for rotation around the z-axis, and θ is angle between x-axis and the line from one atom to another atom.
Furthermore, force constant parameters up to 4th nearest neighbor in unit of 10 9 N/m are determined experimentally by using inelastic neutron scattering or electron energy loss spectroscopy (EELS) techniques [5] are given in Table ( Figure 1 shows the number and kind of neighboring atoms, where each "a" ("b") atom has 6 (12) and 12 (6) nearest "a" ("b") and "b" ("a") atoms, respectively.
In Figs. 6 and 7 the phonon dispersion curves in two and three dimensions, respectively, of graphene sheet are shown by assuming the time dependence of all u i (R i ) as the form of e iωt . We can see in Fig. 8 how the determinant of dynamical matrix of a two-dimensional graphene sheet as the form of Eq. (5) varies by passing vibrations time. Fig. 6 . The phonon dispersion curves plotted along to the axis of nanotube, for a 2D graphene sheet, using the set of force constants in Table in unit of 10 9 kg s −2 . There were assumed the same eigenfrequencies ω for all u i in Eq. (7). There are 6 phonon branches. Three lower branches are on the Γ center called acoustic modes and the other branches are optical modes. Furthermore, our suggested Eq. (5) for time dependence of displacement vector causes an time oscillating behavior on phonon frequency. We estimate that the period time of phonon frequency is about 7.12 µs, based on above calculations.
Conclusion
The results of present work show harmonic oscillation of carbon atom in the CNT by considering only the first Fig. 8 . The calculated determinant of dynamical matrix (Eq. (16)) from t = 0 to 30 µs for ω = 5 at point of (8, 4) in the first the Brillouin zone. Our calculations show that determinant of dynamical matrix is a harmonic ocillation with a period time equal to 7.12 µs.
nearest neighbor atom's vibrations and anharmonic oscillation when the second (and above) nearest neighbor atoms are also taken into account. It means that the phonon dispersion relation of CNTs should be modified in accordance to what is shown in Fig. 8 .
